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Abstract
The aim of this work is to analyze the structure of a tracially symmetric Dirichlet form on a
C-algebra, in terms of a killing weight and a closable derivation taking values in a Hilbert
space with a bimodule structure. It is shown that the generator of the associate Markovian
semigroup always appears, in a natural way, as the divergence of a closable derivation.
Applications are shown to the decomposition of Dirichlet forms and to the construction of
differential calculus on metric spaces.
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1. Introduction and description of the results
The classical theory of Dirichlet forms, originated in two seminal papers of
Beurling and Deny [BD1,BD2] and intended to unify examples coming from
differential operators in Riemannian geometry (e.g. the Laplace operators on
Riemannian manifolds), was recognized to help the construction and the analysis of
much more general second-order differential operators in divergence form in quite
general metrizable spaces, needed, for example, to model materials with discontin-
uous or fractal structure [BM].
On the probabilistic front, Fukushima and Silverstein [FOT,Sil], showed that the
potential theory of Dirichlet forms could be used to associate with them honest
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Hunt’s stochastic processes, even on inﬁnite-dimensional Banach spaces, opening in
this way a fruitful approach to inﬁnite-dimensional analysis in the sense of
Albeverio, Hoegh-Krohn, Gross and Malliavin (see [BH,FOT,MR] and reference
therein).
On the other hand, from the point of view of analysis, Dirichlet forms allowed the
study of important aspects of the spectral theory of physical hamiltonians, as for
example those connected with logarithmic Sobolev inequalities and hypercontrac-
tivity (see [D1,G1,G2]).
From a ‘‘nonclassical’’ point of view, i.e. in the framework of C-algebras,
Dirichlet forms and Markovian semigroups, introduced by Albeverio and
Hoegh-Krohn [AHK] and Gross [G1,G2] in the tracial case and later extended
to the general nonnecessarily tracial situations in [Cip1,GL], are by now well
understood at an analytic level [DL,GIS,S1,S2] and many constructions and
applications are under development (see for example [CFL,CL,Cip2,D2,
MZ,P,S3]).
We would like to convince the reader that Dirichlet forms, commutative or not,
also share a ﬂavor of geometry in the sense of Connes’ noncommutative geometry
[C,Sak].
Noncommutative measure theory allows to associate to a C-algebra A and to a
faithful, densely deﬁned, lower semicontinuous trace t on it, a Hilbert space L2ðA; tÞ
in which A is represented as a ring of bounded operators, giving rise, by weak
completion, to a von Neumann algebra M of operators on L2ðA; tÞ:
Dirichlet forms are then lower semicontinuous quadratic forms E on L2ðA; tÞ;
which, by deﬁnition, satisfy a contraction principle with respect to the Hilbert
projection onto a suitable closed, convex set in L2ðA; tÞ: They can also be understood
just as the quadratic forms associated with the L2-generator of a t-symmetric
semigroup of normal completely positive contractions on M:
One of the main result of this work is to show that a regular Dirichlet form
E can be, in a canonical way, represented as the quadratic form associated to a
closable derivation @ from A into a Hilbert space H with a A–A-bimodule
structure:
E½a ¼ jj@ðaÞjj2H aAA-DðEÞ
for any a belonging to the Dirichlet algebra associated with E: In other words,
this proves that the generator D of a Markovian semigroup, symmetric with respect
to the trace t; can always be represented as the divergence of a closable derivation
on A:
D ¼ @@:
As far as the commutative case of algebras of continuous functions is concerned, our
algebraic approach to the differential calculus on measured metric spaces apply to
the Dirichlet forms constructed by Sturm [Stu] and is a version of the one
constructed more analytically by Cheeger [Ch]. In this respect, assuming a doubling
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property and a weak Poncare´ inequality for the measure, he is able to prove that the
measurable tangent bundle is ﬁnite dimensional. In algebraic terms, the bimoduleH
we construct has ﬁnite multiplicity (see Remark 10.1 below and compare with the
work of Weaver [W]).
In a companion work [CS] we apply the analysis of noncommutative Dirichlet
forms and derivations to characterize complete Riemannian manifolds with
nonnegative curvature operator in terms of the Markovianity (or complete
positivity) of the heat semigroup generated by the Dirac–Laplacian on the Clifford
bundle.
The paper is organized as follows. In Section 2 we recall the basic deﬁnitions of
C-Dirichlet forms and C-semigroups and we introduce the ﬁrst central ingredient
of our analysis, the Dirichlet algebra B ¼ A-DðEÞ: In Sections 3 and 4 we
construct, in a canonical way, some A–A-bimoduleH0 and a derivation @0 which are
sufﬁcient to establish, in Theorem 4.7, a ﬁrst structure result for conservative
C-Dirichlet forms and semigroups. In Sections 5 and 6 we construct the canonical
potential or killing weight K on A; the (involutive) tangent A–A-bimoduleH1 and the
relative derivation @1: In Section 7 the closability, both in the uniform as well in the
L2-sense, of the above derivations is proved as well as the stability of the
Dirichlet algebra B under holomorphic and C1 functional calculus. This provides the
semicyclic representation pK associated to K to be nondegenerated. Section 8 collects
the main results of the work. In Theorems 8.1 and 8.2 is shown that given a
C-Dirichlet form E on A; there exists an involutive A–A-bimoduleH and a closable
derivation @ with values in H; such that E is represented as the quadratic form
associated to @ and that the generator D corresponding to E is the divergence of @:
Moreover, a suitable bimodule associated to the killing weight K and the tangent
bimodule H1 are characterized algebraically as the degenerate and nondegenerate
parts of H; respectively. This section contains, in Theorem 8.3, other two results.
The ﬁrst one shows the uniqueness and the minimality of our representation. The
second one establishes that the divergence of a closable derivation always gives
rises to a C-Dirichlet form. In Section 9 we provide two other representations
of C-Dirichlet forms in terms of the ‘‘carre´ du champ’’ and what we call energy
weights.
The ﬁnal Section 10 is devoted to the analysis of illustrative examples. First, we
show that our approach brings some new light even in the classical (commutative)
case, in particular with respect to the Beurling–Deny–Le Jan decomposition. Then
we investigate noncommutative standard situations such as the semigroup
and the Dirichlet form associated to negative type functions on locally compact
groups, semigroups generated by roots of the generator of any symmetric semi-
group, the Clifford Dirichlet form generated by the Number operator of second
quantized Fermion systems, the heat semigroups on the noncommutative torus Ay
and on the C-algebra of a Riemannian foliation, the Dirichlet form associated to
the Bochner Laplacian on the Clifford C-algebra of a compact Riemannian
manifold.
We end the work showing the stability, under Lipschitz functional calculus, of the
form domain DðEÞ of a C-Dirichlet form E:
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2. Dirichlet forms, Dirichlet algebras and Markovian semigroups
Let A be a C-algebra and A its enveloping von Neumann algebra, with unit
1A : Let us consider a densely deﬁned, faithful, semiﬁnite, lower semicontinuous
trace t on A:We denote by L2ðA; tÞ the Hilbert space of the Gelfand–Naimark–Segal
(GNS) representation pt associated to t; and by M or LNðA; tÞ the von
Neumann algebra ptðAÞ00 in BðL2ðA; tÞÞ generated by A in the GNS representation.
When unnecessary, we shall not distinguish between t and its canonical normal
extension onM; between elements of A and their representation inM as a bounded
operator in L2ðA; tÞ; nor between elements a of A orM which are square integrable
ðtðaaÞoþNÞ and their canonical image in L2ðA; tÞ: Then jjajj stands for the
uniform norm of a in A or inM; jjajj2 or jjajjL2ðA;tÞ for L2-norm of a in L2ðA; tÞ; and
1M for the unit of M: As usual Aþ; Mþ or LNþ ðA; tÞ and L2þðA; tÞ will denote the
positive part of A;M and L2ðA; tÞ; respectively.
Recall that ðM; L2ðA; tÞ; L2þðA; tÞÞ is a standard form of the von Neumann algebra
M: In particular L2þðA; tÞ is a closed convex cone in L2ðA; tÞ; inducing an anti-linear
isometry (the modular conjugation) J on L2ðA; tÞ which is an extension of the
involution a/a of M: The subspace of J-invariant elements (called real) will
be denoted by L2hðA; tÞ: (cf. [Dix]).
Whenever a is real, the symbol ay will denote the Hilbert projection onto the
closed and convex subset C of L2hðA; tÞ obtained as the L2-closure of faAL2þðA; tÞ :
ap1Mg:
Let MnðCÞ be, for nX1; the C-algebra of n  n matrices with complex entries, 1n
its unit, In its identity automorphism and trn its normalized trace. For every
nX1; we will indicate by tn the trace t#trn of the C-algebra MnðAÞ ¼
A#MnðCÞ:
2.1. C-Dirichlet form and Dirichlet algebras
The main object of our investigation is the class of C-Dirichlet forms on L2ðA; tÞ
which we are going to deﬁne (cf. [AHK,DL,S2]).
Deﬁnition 2.1. A closed, densely deﬁned, nonnegative quadratic form ðE; DðEÞÞ on
L2ðA; tÞ is said to be
(i) real if
JðaÞADðEÞ; E½JðaÞ ¼ E½a aADðEÞ; ð2:1Þ
(ii) a Dirichlet form if it is real and
ayADðEÞ; E½aypE½a aADðEÞh :¼ DðEÞ-L2hðA; tÞ ð2:2Þ
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(iii) a completely Dirichlet form if the canonical extension ðEn; DðEnÞÞ to
L2ðMnðAÞ; tnÞ
En½½ai;j ni;j¼1Þ :¼
Xn
i;j¼1
E½ai;j  ½ai;jni;j¼1ADðEnÞ :¼ MnðDðEÞÞ ð2:3Þ
is a Dirichlet form for all nX1;
(iv) a C-Dirichlet form if it is a regular completely Dirichlet form in the sense that
the subspace B :¼ A-DðEÞ is dense in the C-algebra A and is a form core for
ðE; DðEÞÞ:
Notice that, in general, the property
jajADðEÞ; E½jajpE½a aADðEÞh :¼ DðEÞ-L2hðA; tÞ
is a consequence of (2.2) and that it is actually equivalent to it when t is ﬁnite, the
cyclic and separating representative vector xt of t belongs to DðEÞ and E½xt ¼ 0:
The analysis of the structure of C–Dirichlet forms is based on following structure
property of the subspace B; due to [DL]:
Proposition 2.2 (Davies and Lindsay [DL]). Let ðE; DðEÞÞ be a completely Dirichlet
form on L2ðA; tÞ: Then M-DðEÞ is a-subalgebra of M: In case ðE; DðEÞÞ is a C-
Dirichlet form, B is then a dense, involutive sub-algebra of A and ðE; DðEÞÞ is the
closure of its restriction to B:
Deﬁnition 2.3. Let ðE; DðEÞÞ be a completely Dirichlet form on L2ðA; tÞ: Then B :
¼ A-DðEÞ is called the associated Dirichlet algebra.
2.2. Markovian semigroups
We now describe how the above classes of forms arise from classes of semigroups
on A. This will also help us to ﬁx notations which will be in use in the rest of the
paper.
A sub-Markovian semigroup fjt : tX0g on A is a C0-semigroup, i.e. a strongly
continuous semigroup of linear endomorphisms of A; such that
0pjtðaÞpjjajj  1A whenever aAAþ and tX0: ð2:4Þ
As a consequence of (2.4) these semigroups are in particular
real : jtðaÞ ¼ jtðaÞ for aAA and tX0;
positive : jtðAþÞDAþ for all tX0;
contractive : jjjtðaÞjjpjjajj for all aAA and tX0: ð2:5Þ
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A C0-semigroup on A is said to be t-symmetric if
tðbjtðaÞÞ ¼ tðjtðbÞaÞ whenever a; bAAþ and tX0: ð2:6Þ
A t-symmetric, sub-Markovian semigroup on A extends, canonically, to a C0-
semigroup (i.e. weakly continuous semigroup) on the von Neumann algebraM and
to a C0-semigroup on the Hilbert space L
2ðA; tÞ: When no confusion can arise, we
shall use the same symbol to denote these semigroups on A; M and L2ðA; tÞ: These
extension are t-symmetric and sub-Markovian in the sense that they satisfy the
analogous of properties (2.4)–(2.6). This means, in particular, that these are positive,
real, contractive semigroups and that, on L2ðA; tÞ; each jtðtX0Þ leaves the convex
set C globally invariant and is self-adjoint:
ða;jtðbÞÞL2ðA;tÞ ¼ ðjtðaÞ; bÞL2ðA;tÞ; a; bAL2ðA; tÞ; tX0: ð2:7Þ
Deﬁnition 2.4. A semigroup fjt : tX0g on A (resp. on M) is said to be completely
sub-Markovian, or a C-semigroup (resp. W-semigroup), if its canonical extension
fjt#In : tX0g to the C-algebra MnðAÞ ¼ A#MnðCÞ (resp. the von Neumann
algebra MnðMÞ ¼M#MnðCÞÞ
ðjt#1nÞð½ai;j ni;j¼1Þ :¼ ½jtðai;jÞni;j¼1 ð2:8Þ
is sub-Markovian with respect to the trace tn :¼ t#trn for every nX1:
Clearly fjt : tX0g is t-symmetric if and only if fjt#In : tX0g is tn-symmetric for
some, hence all, nX1:
The same symbol D will denote the generator of a t-symmetric semigroup on A;M
or L2ðA; tÞ; with the convention jt ¼ etD: It will be understood as a closed,
t-symmetric, densely deﬁned operator on A; as a weakly closed, t-symmetric,
weakly densely deﬁned operator onM; or as a closed, densely deﬁned, nonnegative
self-adjoint operator on L2ðA; tÞ; in the last case its domain is denoted by DL2ðDÞ:
A t-symmetric C-semigroup on A (resp. W-semigroup onM) gives rise to a C-
Dirichlet form on L2ðA; tÞ by
DðEÞ :¼ DL2ðD1=2Þ; E½a :¼ jjD1=2ðaÞjjL2ðA;tÞ; aADðEÞ: ð2:9Þ
On the other hand, by the general theory, starting from a completely Dirichlet form,
one can always reconstruct a self-adjoint, completely Markovian semigroup on
L2ðA; tÞ and a t-symmetric W-semigroup onM: Notice that the extension of these
semigroups to a C-semigroup on the C-algebra does not hold in general and that it
is a delicate matter necessarily involving some kind of regularity of Feller’s type. The
regularity Assumption 2.1(iv) is some kind of weaker compatibility assumption
between the Dirichlet form and the C-algebraic structures.
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From now on we will consider a ﬁxed a C-Dirichlet form and the canonically
associated t-symmetric, completely Markovian semigroup fjt ¼ etD : tX0g on
L2ðA; tÞ and M:
We conclude this section collecting in the following proposition a series of
properties we will frequently use in the rest of the paper. We omit the easy proofs.
Proposition 2.5. Let ðE; DðEÞÞ be a C-Dirichlet form on L2ðA; tÞ and D the associated
generator. Then the following properties hold true:
(i) the resolvant maps
ðI þ eDÞ1 ¼ I
I þ eD ¼
Z N
0
etfet dt; e40
are bounded, completely positive, self-adjoint contractions on L2ðA; tÞ and bounded,
completely positive, normal contractions on M;
(ii) the operators
D
I þ eD ¼
1
e
I  I
I þ eD
 
; e40
are bounded, positive operators on L2ðA; tÞ and completely bounded endomorphisms of
M; with norm less than 2=e;
(iii) I
IþeDð1MÞ is a positive element in M with norm less than one and DIþeDð1MÞ is a
positive element in M for all e40;
(iv) tð D
IþeDðxÞÞ ¼ tðx DIþeDð1MÞÞ is positive for any positive x in the domain L1ðM; tÞ
of t; and t3 D
IþeD is a positive, normal, semifinite weight on M for all e40:
3. The A–A-bimodule H0
In this section we construct the ﬁrst canonical A–A-bimoduleH0 associated to the
C-Dirichlet form ðE; DðEÞÞ on L2ðA; tÞ: We will denote by B#B the algebraic
tensor product of two copies of B:
Lemma 3.1. (i) For any n in N; a1;y; an in B; the matrix
D
I þ eD ðajÞ

ai þ aj
D
I þ eD ðaiÞ 
D
I þ eD ða

j aiÞ
 
i;j¼1yn
ð3:1Þ
is positive in MnðAÞ;
(ii) for a; b; c and d in B the limit
lim
ek0
1
2
t d
D
I þ eDðcÞ

ab þ dc D
I þ eD ðaÞb  d
 D
I þ eDðc
aÞb
 
ð3:2Þ
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exists in C and equals
1
2
ðEðc; abdÞ þ Eðcdb; aÞ  Eðdb; caÞÞ; ð3:3Þ
(iii) the sesquilinear form, linear in the right-hand side and conjugate linear in the left-
hand one, on the algebraic tensor product B#B which, to c#d and a#b; associates
the limit above, is positive.
Proof. (ii) Since B is an involutive algebra contained in DðEÞ; (3.3) is deﬁned. The
Spectral Theorem then establishes existence of the limit and the equality between the
expressions in the statement.
By Proposition 2.5(i) and the Stinespring construction [Sti], there exists, for a ﬁxed
e40; a Hilbert space Ke; a normal representation pe of M into BðKeÞ and a linear
operator We from L
2ðA; tÞ into Ke; with norm less than one, such that IIþeD ðaÞ ¼
W e peðaÞWe for any a in M: It is then easy to check, for a; b; c; dAM; the following
identity
d
D
I þ eD ðcÞ

ab þ dc D
I þ eD ðaÞb  d
 D
I þ eDðc
aÞb
¼ 1
e
dðWec  peðcÞWeÞðWea  peðaÞWeÞb þ 1e d
cðI  W e WeÞab; ð3:4Þ
from which we get the positivity of the matrix in (i) and, at the limit, the positivity of
the sesquilinear form in (iii). &
3.1. The canonical Hilbert space H0
The previous lemma allows us to associate, in a canonical way, to a given Dirichlet
form the following Hilbert space:
Deﬁnition 3.2. The symbol H0 will denote the Hilbert space deduced from
B#B after separation and completion with respect to the seminorm provided by
the positive sesquilinear form of Lemma 3.1(iii). The scalar product in H0
will be denoted by ðjÞH0 (or ðjÞ if no confusion can arise). We will denote by
a#Eb the canonical image in H0 of the elementary tensor a#b of B#B:
The Hilbert space structure is then uniquely identiﬁed by the following
expression:
ðc#Edja#EbÞH0 ¼ 12ðEðc; abdÞ þ Eðcdb; aÞ  Eðdb; caÞÞ ð3:5Þ
on any pair of elementary vectors a#Eb; c#EdAH0: In particular, we have
jja#Ebjj2H0 ¼ 12ðEða; abbÞ þ Eðabb; aÞ  Eðbb; aaÞÞ a; bAB: ð3:6Þ
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Lemma 3.3. For any a; bAB; the following bound on the norm of a#EbAH0 holds
true:
jja#Ebjj2H0pjjbjj2Eða; aÞ: ð3:7Þ
As a consequence, since B is uniformly dense in A and a form core for E; x#Eb can
still be defined for any x in DðEÞ and any b in A.
Proof. By Lemma 3.1(ii) and by positivity of D
IþeD ðaÞa þ a DIþeD ðaÞ  DIþeD ðaaÞ
(see Lemma 3.1(i)), we have
jja#Ebjj2H0 ¼
1
2
lim
ek0
t b
D
I þ eD ðaÞ

ab þ ba D
I þ eD ðaÞb  b
 D
I þ eD ða
aÞb
 
p 1
2
jjbjj2limek0 t D
I þ eD ðaÞ

a þ a D
I þ eD ðaÞ 
D
I þ eD ða
aÞ
 
;
Since
t
D
I þ eD ða
aÞ
 
¼ t aa D
I þ eDð1MÞ
 
is positive by Lemma 2.5(iv), we get
jja#Ebjj2H0p
1
2
jjbjj2 lim
ek0
t
D
I þ eD ðaÞ

a þ a D
I þ eD ðaÞ
 
¼ jjbjj2Eða; aÞ: &
3.2. The right A-module structure of H0
The following result guarantees that there exists onH0 a natural structure of right
module over A (it will be shown in 4.4 that it is nondegenerated):
Proposition 3.4. There exists a structure of right A-module onH0; i.e. a representation
of the opposite C-algebra of A into BðH0Þ; characterized by
Xn
i¼1
ai#Ebi
 !
b ¼
Xn
i¼1
ai#Ebib; 8nAN; a1;y; an; b1;y; bnAB; bAB: ð3:8Þ
Proof. Lemma 3.1(i) provides the positivity of the operator
Xn
i;j¼1
bj
D
I þ eD ðajÞ

ai þ aj
D
I þ eD ðaiÞ 
D
I þ eD ða

j aiÞ
 
bi
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from which we get the inequality
Xn
i¼1
ai#Ebib
					
					
					
					
2
H0
¼ 1
2
lim
ek0
t b
Xn
i;j¼1
bj
D
I þ eD ðajÞ

ai
  
þ aj
D
I þ eD ðaiÞ 
D
I þ eD ða

j aiÞ

bi

b

p 1
2
jjbjj2 lim
ek0
t
Xn
i;j¼1
bj
D
I þ eD ðajÞ

ai
 
þ aj
D
I þ eD ðaiÞ 
D
I þ eD ða

j aiÞ

bi

¼ jjbjj2
Xn
i¼1
ai#Ebi
					
					
					
					
2
H0
:
By continuity we can then deﬁne the right multiplication by any bAA to the whole
H0: One easily checks, on the linear span of the elementary vectors, that this
operation intertwines the algebraic structures of A and BðH0Þ and their involutions:
ðc#Edja#EbeÞH0 ¼ ðc#Edeja#EbÞH0 a; b; c; d; eAB: &
3.3. The left A-module structure of H0
A natural left A-module structure ofH0; i.e. a representation of A into BðH0Þ; is
constructed by the help of the following lemma. Note that it is possibly degenerated.
Lemma 3.5. For any n in N; any a; a1;y; an; b1;y; bn in B; one has
Xn
i¼1
aai#Ebi  a#E
Xn
i¼1
aibi
					
					
					
					
H0
pjjajj 
Xn
i¼1
ai#Ebi
					
					
					
					
H0
:
Proof. For a ﬁxed e40; let ðpe; KeÞ and We be the representation of M and the
operator from L2ðA; tÞ to Ke; respectively, considered in the proof of Lemma 3.1.
Recall in particular that I
IþeD ðaÞ ¼ W e peðaÞWe for any a inM: Using these operators
one easily checks the following identity:
Xn
i;j¼1
bj
D
I þ eD ðaajÞ

aai þ ðaajÞ D
I þ eD ðaaiÞ 
D
I þ eD ða

j a
aaiÞ
 
bi

Xn
i;j¼1
bj a

j
D
I þ eD ðaÞ

a þ a D
I þ eD ðaÞ 
D
I þ eD ða
aÞ
 
aibi
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¼
Xn
i;j¼1
bj ðWeaj  peðajÞWeÞaaðWeai  peðaiÞWeÞbi
pjjajj2
Xn
i;j¼1
bj ðWeaj  peðajÞWeÞðWeai  peðaiÞWeÞbi;
which provides
Xn
i¼1
aai#Ebi  a#e
X
i
aibi
					
					
					
					
2
¼ lim
ek0
1
2
t
Xn
i;j¼1
bj
D
I þ eD ðaajÞ

aai þ ðaajÞ D
I þ eD ðaaiÞ 
D
I þ eD ða

j a
aaiÞ
 
bi
"

Xn
i;j¼1
bj a

j
D
I þ eD ðaÞ

a þ a D
I þ eD ðaÞ 
D
I þ eD ða
aÞ
 
aibi
#
pjjajj2  lim inf
ek0
1
2e
t
Xn
i;j¼1
bj ðWeaj  peðajÞWeÞðWeai  peðaiÞWeÞbi
" #
pjjajj2 
Xn
i¼1
ai#Ebi
					
					
					
					
2
(the last inequality being provided by identity (3.4)). &
Proposition 3.6. There exists a structure of left A-module on H0; i.e. a representation
of the C-algebra of A into BðH0Þ; characterized by
aðb#EcÞ ¼ ab#Ec  a#Ebc; a; b; cAB: ð3:9Þ
Proof. By the previous lemma, any aAB deﬁnes a bounded operator in BðH0Þ
whose action aðb#EcÞ on b#Ec is ab#Ec  a#Ebc; so that 3.9 holds true.
Extending, by continuity, these maps to the whole A; it is easy to check that a
morphism of algebras from A into BðH0Þ has been constructed. To show that it
respects involutions, it is enough to prove that
ðeða#EbÞjc#EdÞ ¼ ða#Ebjeðc#EdÞÞ ð3:10Þ
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for all a; b; c; d; e in B: Consider the identity
D
I þ eD ðaÞ

ec þ a D
I þ eDðe
cÞ  D
I þ eD ða
ecÞ
 D
I þ eD ðaÞ

ec  a D
I þ eDðe
Þc þ D
I þ eD ða
eÞc
¼ D
I þ eDðeaÞ

c þ ðeaÞ D
I þ eDðcÞ 
D
I þ eDððeaÞ

cÞ
 c D
I þ eDðe
Þc  ae D
I þ eDðcÞ þ a
 D
I þ eDðe
cÞ:
Multiplying both sides by b on the left and by d on the right and then integrating
with respect to 1
2
t; one gets an identity that in the limit for e decreasing to 0
furnishes (3.10). &
3.4. The A–A-bimodule structure of H0
We are now in the position to state the main result of this section. Recall that an
A–A-bimodule is a Hilbert space H0 with a left representation and a right
representation of A which commute (or, equivalently, with a representation of the
C-algebra A#maxA1).
Theorem 3.7. Let ðE; DðEÞÞ be a C-Dirichlet form on L2ðA; tÞ: There exists a
canonical A–A-bimodule structure on the Hilbert space H0; characterized by
aðb#EcÞ ¼ ab#Ec  a#E bc; ð3:11Þ
ðb#EcÞa ¼ b#E ca ð3:12Þ
for all a, b and c belonging to the Dirichlet algebra B:
Proof. We have only to prove that the right and left actions constructed in
Propositions 3.4 and 3.6 commute. By continuity, it is enough to show that they
commute on the elementary tensors. In fact, we have
ða1ðb#EcÞÞa2 ¼ða1b#Ec  a1#EbcÞa2
¼ a1b#Eca2  a1#Ebca2
¼ a1ðb#Eca2Þ
¼ a1ððb#EcÞa2Þ
for all a1; a2; b; cAB: &
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4. The derivation @0 and the structure of the Dirichlet form associated to conservative
Markovian semigroups
In this section we construct a derivation from L2ðA; tÞ intoH0 by which we shall
describe the structure of the C-Dirichlet form ðE; DðEÞÞ associated to conservative
Markovian semigroups. It will also provide the ﬁrst tool in the analysis of general
C-Dirichlet form.
Deﬁnition 4.1. Let K be an A–A-bimodule over the C-algebra A: A linear map
@ : Dð@Þ-K; deﬁned on a subspace Dð@Þ of A; is said to be an A–A-bimodule
derivation if
(i) Dð@Þ is a subalgebra of A;
(ii) the Leibnitz rule holds true:
@ðabÞ ¼ @ðaÞb þ a@ðbÞ a; bADð@Þ:
In the following, we will consider asK the canonical A–A-bimoduleH0 associated
to the C-Dirichlet form ðE; DðEÞÞ and as Dð@Þ the Dirichlet algebra B:
Lemma 4.2. For aAB; the map la; defined on the linear span of the set of elementary
tensor products of elements of B by
laðb#EcÞ :¼ 12ðEða; bcÞ þ Eðb; caÞ  Eðba; cÞÞ b; cAB; ð4:1Þ
extends to a continuous linear form on H0; with norm less than Eða; aÞ
1
2:
Proof. Fix n in N; a; b1;y; bn; c1;y; cn in B and consider the representation
I
IþeDðaÞ ¼ W e peðaÞWe used in the proof of Lemma 3.1. We then have
la
Xn
i¼1
bi#Eci
 !
¼ lim
ek0
1
2e
t ðWea  peðaÞWeÞ
Xn
i¼1
ðWebi  peðbiÞWeÞci
 !"
þ aðI  W e WeÞ
Xn
i¼1
bici
 !#
:
Let us apply the Cauchy–Schwartz inequality
jtðae be þ ge deÞjptðae ae þ ge geÞ1=2tðbe be þ de deÞ1=2
to ae ¼ Wea  peðaÞWe; be ¼
P
i ðWebi  peðbiÞWeÞci; ge ¼ ðI  W e WeÞ1=2a and
de ¼ ðI  W e WeÞ1=2
P
i bici: We have, as in the proof of Lemma 3.1
lim
ek0
1
2e
tðae ae þ ge geÞ ¼ limek0
1
2
t
D
I þ eD ða
Þa þ a D
I þ eD ðaÞ 
D
I þ eD ða
aÞ
 
pEða; aÞ
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and
lim
ek0
1
2e
tðbe be þ de deÞ ¼
Xn
i¼1
bi#Eci
					
					
					
					
H0
:
Hence we proved that jlað
Pn
i¼1 bi#EciÞjp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Eða; aÞp jjPni¼1 bi#EcijjH0 ; from which,
by continuity, the statement follows. &
Notice that, since B is a form core, la can be uniquely deﬁned for any aADðEÞ:
Deﬁnition 4.3. We will denote by @0 :B-H0 the following linear map: for any aAB
let @0ðaÞ be the vector inH0 associated, by the Riesz representation theorem, to the
continuous linear functional la provided by the previous lemma. More explicitely,
this map is characterized by
ð@0ðaÞjb#EcÞH0 ¼ laðb#EcÞ
¼ 1
2
ðEða; bcÞ þ Eðb; caÞ  Eðba; cÞÞ b; cAB: ð4:2Þ
Notice that jj@0ðaÞjj2H0pEða; aÞ for all a in B and then, since B is a form core for E;
@0 can be extended to the whole form domain DðEÞ:
Proposition 4.4. (i) @0 is an H0-valued A–A-bimodule derivation over A with domain
the Dirichlet algebra B;
(ii) for any a in B and b in A; one has
@0ðaÞb ¼ a#Eb; ð4:3Þ
H0A is dense in H0: the right representation of A is nondegenerated;
(iii) for any a in B; one has
Eða; aÞ  jj@0ðaÞjj2H0 ¼ limek0
1
2
t
D
I þ eD ða
aÞ
 
: ð4:4Þ
Proof. By the deﬁnition of @0 and Theorem 3.7, it is easy to check the identities
ð@0ða1a2Þ  a1@0ða2Þ þ @0ða1Þa2jc#EdÞH0 ¼ 0
and
ð@0ðaÞjc#dbÞH0 ¼ ða#E bjc#EdÞH0 ;
for all a1; a2; a; b; c; d in B: From these identities statements (i) and (ii) follow by
continuity.
The main point in statement (iii) is to prove the existence of the limit. The proof is
divided in ﬁve steps.
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Step 1: Let us start considering a in B and b in A: We claim that
2ð@0ðaÞj@0ðaÞbÞH0 ¼ limek0 t
D
I þ eD ðaÞ

ab
 
þ t a D
I þ eD ðaÞb
 
 t D
I þ eD ða
aÞb
 
:
For b inB; this is an immediate consequence of the deﬁnition of @0 and identity (4.3).
For extending it to those b in the uniform closure A of B; we have just to check that
the right-hand side of the above identity is a continuous map of the argument bAB
in the norm of A: In fact, the positivity statement in Lemma 3.1(i) allows us to use
Schwartz inequality to get
t
D
I þ eD ðaÞ

ab
 
þ t a D
I þ eD ðaÞb
 
 t D
I þ eD ða
aÞb
 				
				
p t D
I þ eD ðaÞ

a
 
þ t a D
I þ eD ðaÞ
 
 t D
I þ eD ða
aÞ
  1
2
 t b D
I þ eD ðaÞ

ab
 
þ t ba D
I þ eD ðaÞb
 
 t b D
I þ eD ða
aÞb
  1
2
pjjbjj  t D
I þ eD ðaÞ

a
 
þ t a D
I þ eD ðaÞ
 
 t D
I þ eD ða
aÞ
  
;
as tð D
IþeD ðaÞaÞ þ tða D1þeD ðaÞÞ  tð DIþeD ðaaÞÞ is smaller than tð DIþeDðaÞaÞ þ
tða D
IþeD ðaÞÞ ¼ 2ð DIþeD ðaÞjaÞL2p2Eða; aÞ; we get an inequality
t
D
I þ eD ðaÞ

ab
 
þ t a D
I þ eD ðaÞb
 
 t D
I þ eD ða
aÞb
 				
				p2jjbjjEða; aÞ
which is uniform in e: Hence the result.
Whenever a belongs to B-DL2ðDÞ; the previous equality can be written as
lim
ek0
t
D
I þ eD ða
aÞb
 
¼ðDðaÞjJbJaÞL2 þ ðajJbJDðaÞÞL2  2ð@0ðaÞj@0ðaÞbÞH0
¼ðDðaÞjabÞL2 þ ðaJbjDðaÞÞL2  2ð@0ðaÞj@0ðaÞbÞH0 :
(Recall that J denotes the anti-linear isometry of L2ðA; tÞ which extends the
involution of M:)
Step 2: Let us deﬁne *B ¼M-DðEÞ; which by Proposition 2.2. is a -subalgebra of
M; and let C be the norm closure of *B in M: One has I
IþeDðM-L2ÞC *B; which
implies I
IþeDð *BÞC *B and IIþeDðCÞCC; for all e40:
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All what has been proved till now for the pair ðA;BÞ applies as well to the pair
ðC; *BÞ to which is associated a Hilbert space *H0 with a C–C-bimodule structure,
nondegenerated on the right-hand side, and a derivation *@0 from *B into *H0:
We use the last equation in Step 1 to compute, for Z in Rþ; a in C-DL2ðDÞ and c
in C
t
D
I þ ZD ða
aÞc
 
¼ lim
ek0
t
I
I þ eD
D
I þ ZD ða
aÞc
 
¼ lim
ek0
t
D
I þ eD ða
aÞ I
I þ ZD ðcÞ
 
¼ DðaÞ J I
I þ ZDðcÞ

Ja
				
 
L2
þ ajJ I
I þ ZDðcÞ

JDðaÞ
 
L2
 2 *@0ðaÞ *@0ðaÞ I
I þ ZDðcÞ
				
 
*H0
:
Let now fcag be an increasing approximate unit for C: f IIþZDðcaÞga is an increasing
net in C which admits a s-strong limit PðZÞ in the enveloping von Neumann algebra
C; and the previous equality provides, by strong continuity of the semigroup onM:
t
D
I þ ZDða
aÞ
 
¼ DðaÞjJ I
I þ ZDð1MÞJa
 
L2
þ ajJ I
I þ ZDð1MÞJDðaÞ
 
L2
 2ð *@0ðaÞj *@0ðaÞPðZÞÞ *H0 :
Step 3: Fix now c in *B; a in C-DL2ðDÞ; and apply again the results in Step 1 to
compute
2 *@0ðaÞj *@0ðaÞ c  I
I þ ZD c
  
*H0
¼ aðZÞ  E aa; c  I
I þ ZD c
 
;
where aðZÞ :¼ ðDðaÞjJðc  I
IþZD cÞJaÞL2 þ ðajJðc  IIþZD cÞJDðaÞÞL2 :
By Spectral Theory, one has limZk0 E½c  IIþZD c ¼ 0 and, by Schwartz inequality,
limZk0 Eðaa; c  IIþZD cÞ ¼ 0; moreover, c  IIþZD c converges s-strongly to 0 inM; so
that we get limZ-0 aðZÞ ¼ 0 and
lim
Zk0
*@0ðaÞj *@0ðaÞ c  I
I þ ZD c
  
*H0
¼ 0 8aAC-DL2ðDÞ 8cA *B:
Since jj@0ða  IIþeD aÞjj *H0pE½a  IIþZD a; one has limek0 jj@0ða  IIþeD aÞjj *H0 ¼ 0 for all
a in *B; so that one can apply the previous result to I
IþeDa to obtain, as e tend to 0
lim
nk0
*@0ðaÞj *@0ðaÞ c  I
I þ ZD c
  
*H0
¼ 0 8aA *B; 8cAC:
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Let now P ¼ limi PðZiÞ be any s-weak accumulation point of the net
fPðZÞgZk0 deﬁned at the end of Step 2. One has 0pPp1 and, for any ﬁxed
index a:
ð *@0ðaÞj *@0ðaÞPÞ *H0 ¼ limi ð
*@0ðaÞj *@0ðaÞPðZiÞÞ *H0
X lim
i
*@0ðaÞj *@0ðaÞ I
I þ ZiD
ðcaÞ
 
*H0
¼ð *@0ðaÞj *@0ðaÞcaÞ *H0
which, by nondegeneracy of the right action of C; implies
ð *@0ðaÞj *@0ðaÞPÞ *H0 ¼ ð *@0ðaÞj *@0ðaÞÞ *H0 :
One has *@0ðaÞP ¼ *@0ðaÞ; 8aA *B; then *@0ðaÞa0P ¼ *@0ðaa0ÞP  a *@0ða0ÞP ¼ *@0ðaÞa0;
8a; a0A *B; and ﬁnally s-strong limZk0 PðZÞ ¼ 1:
The last equality in Step 2 provides then?tptxt=15pt>
lim
Zk0
t
D
I þ ZD ða
aÞ
 
¼ 2Eða; aÞ  2ð *@0ðaÞj *@0ðaÞÞ *H0 8aAM-DL2ðDÞ:
Step 4: Note that, for a in *B; one has ﬁrst
lim
Zk0
E a  I
I þ ZDðaÞ; a 
I
I þ ZDðaÞ
 
¼ lim
nk0
I  I
I þ ZD
 
D
1
2ðaÞ
				
				
				
				
2
L2
¼ 0
which implies
lim
nk0
*@0 a  I
I þ ZD ðaÞ
 				
				
				
				
*H0
¼ 0:
One has also, again by positivity in Lemma 3.1(i),
t
D
I þ eD ða
aÞ
 
p t D
I þ eD ðaÞ

a þ a D
I þ eD ðaÞ
 
¼ 2 D12ðaÞ I
I þ eD D
1
2ðaÞ
				
 
L2
p 2Eða; aÞ:
The whole imply that t3 D
IþeD½ða  IIþZD ðaÞÞða  IIþZD ðaÞÞ tends to 0 as Z decreases
to 0, uniformly in e; so that t3 D
IþeD½ð IIþZD ðaÞÞð IIþZD ðaÞÞ tends to t3 DIþeD½ðaaÞ as Z
decreases to 0, uniformly in e:
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Combining these facts, and applying the result in Step 2 to I
IþZD ðaÞ which is an
element of M-DL2ðDÞ; it is no longer difﬁcult to get the following result:
lim
Zk0
t
D
I þ ZDða
aÞ
 
¼ 2Eða; aÞ  2ð *@0ðaÞj *@0ðaÞÞH0 8aA *B:
Step 5: It remains to prove jj@0ðaÞjjH0 ¼ jj *@0ðaÞjj *H0 for all a in B:
One has clearly jjPni¼1 @0ðaiÞbijjH0 ¼ jjPni¼1 *@0ðaiÞbijj *H0 for any n; a1;y; an in
B; b1;y; bn in A; so that there exists an isometry W fromH0 into *H0 which maps
@0ðaÞb onto *@0ðaÞb for a in B and b in A (note that W is a bimodule map). We get
then
jj@0ðaÞjjH0 ¼ jj *@0ðaÞQjj *H0 ;
where Q is the support of the right representation of A acting in *H0: We show that
this representation in nondegenerated, i.e. Q ¼ 1:
Fix a self-adjoint c in *B: AsB is a core for E (2.1(iv)), one can ﬁnd a sequence fbng
of self-adjoint elements in B such that limn-N jjc  bnjjL2 ¼ limn-N E½c  bn ¼ 0:
By the comment to 2.1(ii), one has limn-N jjjc  bnjjjL2 ¼ limn-N E½jc  bnj ¼ 0;
the latter implying limn-N Eðaa; jc  bnjÞ ¼ 0 for any a in *B:
Let a belong to M-DL2ðDÞ: according to Step 1, one writes
Eðaa; jc  bnjÞ ¼ ðDajaðjc  bnjÞÞL2 þ ðaðjc  bnjÞjDaÞL2
þ 2ð *@0ðaÞj *@0ðaÞjc  bnjÞ *H0
which provides limn-N *@0ðaÞjc  bnj1=2 ¼ 0:
Let pn be the spectral projection of c  bn corresponding to the interval
½1; 1: One has jj *@0ðaÞjc  bnj1=2ð1 pnÞjj *H0Xjj *@0ðaÞð1 pnÞjj *H0 ; which implies
limn-N *@0ðaÞð1 pnÞ ¼ 0: This remains true for a in *B; and we get, for any a and a
in *B
lim
n-N
*@0ðaÞað1 pnÞ ¼ lim
n-N
*@0ðaaÞð1 pnÞ  lim
n-N
a˜@0ðaÞð1 pnÞ ¼ 0;
i.e. limn-Nð1 pnÞ ¼ 0 and limn-N pn ¼ 1 *H0 s-strongly.
On the other hand, one has limn-N *@0ðaÞ  jc  bnj1=2pn ¼ 0 which, by the same
argument, implies limn-N jc  bnj1=2pn ¼ 0 and limn-Nðc  bnÞ  pn ¼ 0:
Since ð1 QÞbn ¼ 0; we have then, for a in *B
*@0ðaÞð1 QÞc ¼ lim
n-N
*@0ðaÞð1 QÞcpn ¼ lim
n-N
*@0ðaÞð1 QÞðc  bnÞpn ¼ 0
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which provides, by nondegeneracy of the right action of C; *@0ðaÞð1 QÞ ¼ 0 for a in
*B and again *@0ðaÞað1 QÞ ¼ *@0ðaaÞð1 QÞ  a *@0ðaÞð1 QÞ ¼ 0 for a and a in *B:
we have proved Q ¼ 1: &
As a corollary of the proof, we get
Corollary 4.5. For any a in B we have
jj@0ðaÞjj2H0 ¼ limek0
1
2
t
D
I þ eD ðaÞ

a þ a D
I þ eD ðaÞ 
D
I þ eD ða
aÞ
 
: ð4:5Þ
A straightforward adaptation of the proof in Step 1 of Proposition 4.4
provides:
Lemma 4.6. For any a and b in B; any e in A; one has
ð@0ðbÞj@0ðaÞeÞH0 ¼ limek0
1
2
t
D
I þ eD ðb
Þae þ b D
I þ eD ðaÞe 
D
I þ eDðb
aÞe
 
: ð4:6Þ
We conclude this section describing the structure of conservative C-Dirichlet
forms. These are, by deﬁnition, the C-Dirichlet forms whose associated Markovian
semigroup fjt : tX0g; satisﬁes jtð1MÞ ¼ 1M for all tX0: Recall (see Deﬁnition 4.3)
that the map @0 is well deﬁned on the whole form domain DðEÞ and not only on the
Dirichlet algebra B:
Theorem 4.7. Let ðE; DðEÞÞ be a conservative C-Dirichlet form. Then the following
representation holds true:
Eðx; xÞ ¼ jj@0ðxÞjj2H0
for all xADðEÞ:
Proof. Since jtð1MÞ ¼ 1M for all tX0; we have that 1M belongs to the domain of the
generator and that Dð1MÞ ¼ 0: By representation (4.4) and duality we then have
Eða; aÞ  jj@0ðaÞjj2H0 ¼ limek0
1
2
t
D
I þ eD ða
aÞ
 
¼ lim
ek0
1
2
t aa
D
I þ eDð1MÞ
 
¼ 0
for all aAB: The proof is then completed noticing that B is a form core for
ðE; DðEÞÞ: &
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5. The potential or killing weight
To generalize the representation obtained in the above theorem to nonnecessarily
conservative forms, we show that one can naturally associate to a C-Dirichlet form
a weight on the C-algebra A which takes care of the degenerate part of the A–A-
bimoduleH0: In the conservative case this weight vanishes. We will denote by A˜; the
C-algebra obtained from A by adding a unit.
Lemma 5.1. For a and b in B; e in A˜; the limit
KðbeaÞ :¼ lim
ek0
t
D
I þ eDðb
eaÞ
 
ð5:1Þ
exists in C and the following bound holds true:
jKðbeaÞjpjjejjEðb; bÞ12Eða; aÞ12: ð5:2Þ
As a consequence, the expression KðJðxÞeZÞ still makes sense for x; ZADðEÞ and eAA˜:
Proof. By polarization, Proposition 4.4(iii) provides the existence of the limit when e
is the unit in A˜ or, since B is an algebra, when e belongs to B: For a; b and e in B;
one has, by positivity in Proposition 2.5(iv) and Lemma 3.1,
t
D
I þ eDðb
ea
 				
				p t DI þ eDðbbÞ
 1
2
t
D
I þ eD ða
eeaÞ
 1
2
p jjejjt D
I þ eDðb
bÞ
 1
2
t
D
I þ eD ða
aÞ
 1
2
p 2jjejjt b D
I þ eDðbÞ
 1
2
t a
D
I þ eD ðaÞ
 1
2
¼ 2jjejj b D
I þ eD
				 b
 1
2
L2
a
D
I þ eD
				 a
 1
2
L2
p 2jjejj D12bjD12b
 1
2
L2
D
1
2ajD12a
 1
2
L2
p 2jjejjEðb; bÞ12Eða; aÞ12:
This inequality being uniform in e; the limit process can be extended from e in
B to e in A; the uniform closure of B: Since B is a form core the proof is
completed. &
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Deﬁnition 5.2. Let ðE; DðEÞÞ be a C-Dirichlet form on L2ðA; tÞ: For any ultraﬁlter
F or Rþ converging to 0, the following expression
KðaÞ :¼ lim
eAF
t
D
I þ eD a
 
aAAþ ð5:3Þ
deﬁnes a weight K : Aþ-½0;þN on the C-algebra A: Any one of these weights will
be called the potential weight associated to ðE; DðEÞÞ:
Notice that all the weights just constructed agree on the linear subspace
BA˜B of A with limit (5.1). Moreover, they agree also on the subspace
DðEÞA˜DðEÞ of the predual M ¼ L1ðA; tÞ of M ¼ LNðA; tÞ: Notice also that,
whenever Dð1MÞ can be deﬁned in a reasonable way as an extended positive
operator, bounded or not, afﬁliated with M; then Mþ{x-tðDð1MÞxÞ is a
normal semiﬁnite weight on M which extends K : This is, for example, the case
when 1M is in the domain of the generator D in the von Neumann algebra M:
In this case this extension of K is a normal, positive linear functional on M
(see Example 10.3). By using the potential weight, Proposition 4.4(iii) can be
extended as follows.
Lemma 5.3. For x; ZADðEÞ the following representation holds true:
Eðx; ZÞ ¼ ð@0ðxÞj@0ðZÞÞH0 þ 12KðJðxÞZÞ: ð5:4Þ
Proof. The proof is a consequence of Proposition 4.4(iii), Lemma 5.1 and the fact
that the derivation @0 is form bounded with respect to E on the form core
B: jj@0ðxÞjj2pEðx; xÞ: &
6. The tangent A–A-bimodule H1 and the derivation @1
We have seen in previous sections that by the introduction of the derivation @0 and
of the weight K ; we can decompose, as in Lemma 5.3, the C-Dirichlet form
ðE; DðEÞÞ as a sum of quadratic forms associated to @0 and K : This decomposition
suffers however of a defect. While E is real by deﬁnition, i.e. is invariant by
composition with the modular conjugation J; the other two forms do not necessarily
satisfy this property. In particular, the weight K is not generally a trace over A: In
other words, until now we decomposed the Dirichlet form as a sum of forms which
are not necessarily Dirichlet forms. To remedy this fault we are going to introduce a
new A–A-bimodule and a new derivation associated with it. From an algebraic point
of view this corresponds exactly to decompose H0 into its degenerated and
nondegenerated parts. Recall that an A–A-bimodule is a representation of the
C-algebra A#maxA1:
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Deﬁnition 6.1. Let QABðH0Þ the support projection of the representation of
A#maxA1 in H0: Since the right action is nondegenerated, Q coincides with the
support projection of the left action; hence it can be represented as Qx ¼ lima eax for
any x in H0 and any ﬁxed approximate unit feag in A:
Let us deﬁne H1 :¼ QðH0Þ and @1 : B-H1 by
@1ðaÞ :¼ Qð@0ðaÞÞ aAB:
Lemma 6.2. H1 is a nondegenerated A–A-bimodule and @1 is an H1-valued A–A-
bimodule derivation defined on the Dirichlet algebra B:
Proof. It is easy to see that Q commutes with both right and left actions of A; so that
H1 is a nondegenerated A–A-bimodule. For the same reason the Leibnitz rule holds
true for @1 since it holds for @0: &
In the sequel, we will refer to H1 as to the tangent A–A-bimodule associated to
ðE; DðEÞÞ: The important feature is that H1 is a symmetric A–A-bimodule in the
sense of the forthcoming Proposition 6.4.
We shall denote ðpK ;HKÞ the representation of A associated to the potential
weight K in the following sense: the space HK is deﬁned as the Hilbert space
obtained, after separation and completion, from B equipped with the positive
sesquilinear form ða; bÞ-KðbaÞ: The representation pK and the canonical
imbedding LK : B-HK are characterized by
pKðeÞLKðaÞ ¼ LKðeaÞ a; eAB ð6:1Þ
or equivalently by
ðLKðbÞjpKðeÞLKðaÞÞHK ¼ KðbeaÞ a; bAB; eAA: ð6:2Þ
In the following lemma, we collect the relevant properties of the A–A-bimoduleH1
introduced above.
Proposition 6.3. (i) For a; b in B and e in A we have
ð@1ðbÞ j e@1ðaÞÞH1 ¼ ð@0ðbÞ j e@0ðaÞÞH0 ; ð6:3Þ
(ii) for a; b in B and e in A we have
ð@1ðbÞ j e@1ðaÞÞH1 ¼ ð@0ðaÞ j @0ðbÞeÞH0  12KðbeaÞ; ð6:4Þ
(iii) for a; b in B we have
ð@1ðbÞ j @1ðaÞÞH1 ¼ ð@0ðaÞ j @0ðbÞÞH0  12ðLðbÞ j pKð1A ÞLðaÞÞHK ; ð6:5Þ
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where pKð1A Þ is the support in BðHKÞ of the representation pK of A;
(iv) for a; b in B and e; f in A we have
ð@1ðbÞ j e@1ðaÞf ÞH1 ¼ ð f @1ðaÞe j @1ðbÞÞH1 : ð6:6Þ
Proof. (i) Since Q is a projection which commutes with both left and right actions of
A; we compute
ð@1ðbÞ j e@1ðaÞÞH1 ¼ðQð@0ðbÞÞ j eQð@0ðaÞÞÞH1
¼ðð@0ðbÞÞ j Qðe@0ðaÞÞÞH1
¼ð@0ðbÞ j e@0ðaÞÞH0 :
(ii) By the density of B in A it is enough to consider eAB: Applying
Lemma 4.6 and making repeated use of the identity tð D
IþeDðbÞaÞ ¼ tðb DIþeD ðaÞÞ we
have
2ð@1ðbÞ j e@1ðaÞÞH1 þ KðbeaÞ
¼ 2ð@0ðbÞ j e@0ðaÞÞH0 þ KðbeaÞ
¼ 2ð@0ðbÞ j @0ðeaÞÞH0  2ð@0ðbÞ j @0ðeÞaÞH0 þ KðbeaÞ
¼ lim
ek0
t
D
I þ eDðb
Þea  b D
I þ eDðeÞa þ
D
I þ eDðb
eÞa
 
¼ lim
ek0
t
D
I þ eD ðaÞb
e þ a D
I þ eDðb
Þe  D
I þ eD ðab
Þe
 
¼ 2ð@0ðaÞ j @0ðbÞeÞH0 :
The statement in (iii) derives from the one in (ii) by applying it to a; b and an
approximate unit feag of A: To prove (iv) we follow computations similar to
those just performed: for a; b; e and f in B we have, by (6.3) and the Leibnitz
rule,
ð@1ðbÞ j e@1ðaÞf ÞH1 ¼ ð@0ðbÞ j e@0ðaÞf ÞH0
¼ ð@0ðbÞ j @0ðeaÞf ÞH0  ð@0ðbÞ j @0ðeÞaf ÞH0
¼ lim
ek0
1
2
t b
D
I þ eDðeaÞ f 
D
I þ eDðb
eaÞf  b D
I þ eDðeÞaf þ
D
I þ eDðb
eÞaf
 
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¼ lim
ek0
1
2
t a
D
I þ eDð fb
Þe  D
I þ eD ðafb
Þe  a D
I þ eDð f Þb
e þ D
I þ eD ðaf Þb
e
 
¼ ð@0ðaÞ j @0ð fbÞeÞH0  ð@0ðaÞ j @0ð f ÞbeÞH0
¼ ð@1ðaÞ j f @1ðbÞeÞH1
¼ ð f @1ðaÞe j @1ðbÞÞH1 : &
As an immediate consequence, we get symmetry properties for the A–A-bimodule
H1 and the derivation @1:
Proposition 6.4. (i) For all n in N; x1;y; xnADðEÞ and e1;y; en; f1;y; fnAA
we have
X
i
f i @1ðJðxiÞÞei
					
					
					
					
H1
¼
X
i
ei@1ðxiÞfi
					
					
					
					
H1
; ð6:7Þ
(ii) for all xADðEÞ we have
jj@1ðJðxÞÞjjH1 ¼ jj@1ðxÞjjH1 ; ð6:8Þ
(iii) there exists a (unique) antilinear isometric involution J1 of H1 for which
J1ð@1ðxÞÞ ¼ @1ðJðxÞÞ xADðEÞ ð6:9Þ
and such that it intertwines the right and the left actions of A:
J1ðexf Þ ¼ f J1ðxÞe 8xAH1 8e; fAA: ð6:10Þ
Proof. Recall that B is a form core for E and notice that, by (6.5), we have
jj@1ðaÞjj2H1pjj@0ðaÞjj2H0pE½a ¼ E½JðaÞ ¼ E½a for all aAB: The proof is then just
an application of the identities obtained in Proposition 6.3. &
Using the derivation @1 we then have the following representation (to be improved
later) of the C-Dirichlet form E on the Dirichlet algebra B:
Corollary 6.5. For all aAB one has
Eða; aÞ ¼ jj@1ðaÞjj2H1 þ 12KðaaÞ þ 12ðLKðaÞjpKð1A ÞLKðaÞÞHK
¼ jj@1ðaÞjj2H1 þ 12KðaaÞ þ 12ðLKðaÞjpKð1A ÞLKðaÞÞHK : ð6:11Þ
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7. Norm closability of the derivations @0 and @1
The decomposition formula (6.11) obtained in the above corollary will be
made simpler when we show that the representation pK of A is nondegenerated. To
this end we are going to prove the norm closability of the derivations introduced
above. This will provide also an important stability property of the domains of their
closure.
Theorem 7.1. The derivations @0 : B-H0; @1 : B-H1 are densely defined, closable
maps from the C-algebra A; equipped with its uniform norm, into the Hilbert spaces
H0 and H1; respectively.
The domains DAð@0Þ; DAð@1Þ of their closure are uniformly dense, subalgebras of A
which are stable under holomorphic functional calculus. Moreover, DAð@1Þ is an
involutive subalgebra of A:
Proof. As in the proof of Proposition 4.4, Steps 4 and 5, we extend the previous
results to *B ¼M-DðEÞ and its norm closure C to get C–C-bimodules *H0 and *H1
with derivations *@0 and *@1; together with a killing weight K˜: There exists an isometry
W0 fromH0 into *H0 which maps @0ðaÞb onto *@0ðaÞb for a in B and b in A; and an
isometry W1 from H1 into *H1 which maps c@1ðaÞb onto c *@1ðaÞb for a in B; b
and c in A:
For b in M-DL2ðDÞ and e; a in B; compute
ðW 0 *@0ðbÞe j @0ðaÞÞH0 ¼ð *@0ðbÞ j *@0ðaÞeÞ *H0
¼ð *@0ðbÞ j *@0ðaeÞÞ *H0  ð *@0ðbÞ j a *@0ðeÞÞ *H0
¼Eðb; aeÞ  1
2
K˜ðbaeÞ  ð *@0ðbÞ j a *@0ðeÞÞ *H0
¼ðDb j aJeÞL2  12ðLK˜ðbÞ j pK˜ðaÞLK˜ðeÞÞHK˜  ð *@0ðbÞ j a *@0ðe
ÞÞ *H0
which provides the uniform continuity of a-ðW 0 *@0ðbÞe j @0ðaÞÞH0 :
The vector space generated by the W 0 *@0ðbÞe; with b inM-DL2ðDÞ and e in B; is
dense inH0 (it contains W

0
*@0ðbÞe ¼ @0ðbÞe for b and e in B), so that @0 is closable.
With b in M-DL2ðDÞ; e and f in B; one has
ðW 1 f *@1ðbÞe j @1ðaÞÞH1 ¼ð *@1ðbÞe j f  *@1ðaÞÞ *H1
¼ð *@0ðbÞe j *@0ð f aÞÞ *H0  ð *@0ðbÞe j *@0ð f ÞaÞ *H0
which is a difference of two linear forms in a which are continuous, by the previous
computation, which provides similarly the closability of @1:
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The fact that DAð@0Þ and DAð@1Þ are subalgebras stable under holomorphic
functional calculus follows by a well-known general property of closable derivations
into Banach bimodules (see for example [C]). Property (6.8) proved in Proposition
6.4 then implies that DAð@1Þ is involutive. &
The ﬁnal tool we need to prove the above mentioned nondegeneracy of the
representation pK ; is the stability of DAð@1Þ under C1-functional calculus. To prepare
the ground for this result we introduce some notations.
Let H be an Hilbert space equipped with a A–A-bimodule structure over A: For
any self-adjoint element a of A; we shall denote by La (resp. Ra) the representation of
CðspðaÞÞ; the C-algebra of continuous, complex valued functions on spðaÞ (the
spectrum of a), uniquely deﬁned by
Lað f Þx ¼
f ðaÞx if f ð0Þ ¼ 0;
x if f  1;
(
fACðspðaÞÞ; xAH
and
Rað f Þx ¼
xf ðaÞ if f ð0Þ ¼ 0;
x if f  1;
(
fACðspðaÞÞ; xAH:
La#Ra will be the associated representation of CðspðaÞÞ#CðspðaÞÞ ¼ CðspðaÞ 
spðaÞÞ:
Let IDR be a closed interval. For fAC1ðIÞ; we will denote by f˜ACðI  IÞ
the continuous function on I  I ; sometimes called the quantum derivative of f ;
deﬁned by
f˜ðs; tÞ ¼
f ðsÞf ðtÞ
st if sat;
f 0ðsÞ if s ¼ t:
(
ð7:1Þ
Lemma 7.2. Let H be a Hilbert space with a structure of A–A-bimodule. Let @ be a
densely defined, norm closed derivation from a subalgebra Dð@Þ of A into H: Then
Dð@Þ is closed under C1-functional calculus in the following sense: for any self-adjoint
aADð@Þ; I a compact interval ICR containing the spectrum of a and fAC1ðIÞ such
that f ð0Þ ¼ 0; one has that f ðaÞ belongs to Dð@Þ and
@ð f ðaÞÞ ¼ ðLa#RaÞð f˜Þ@ðaÞ; ð7:2Þ
which implies
jj@ð f ðaÞÞjjHpjjf 0jjCðIÞ  jj@ðaÞjjH: ð7:3Þ
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Proof. It is easy to check (7.2) and (7.3) when f is a polynomial vanishing at 0. Then
one can extend them to a generic fAC1ðIÞ vanishing at 0, by approximating the
derivative f 0 by polynomials, uniformly on I ; and approximating f by the primitive
polynomials vanishing at 0. &
Combining Theorem 7.1 and Lemma 7.2 above, we can certainly deduce that
DAð@1Þ is closed under C1-functional calculus. However, using Lemma 7.2, we are
now able to prove that the Dirichlet algebra itself and the form domain both have
this stability property (see the Concluding Remark in Section 10.8).
We will denote byHK the Hilbert space opposite toHK ; deduced from the latter
replacing the multiplication by scalars and inner products inHK by their conjugate.
Theorem 7.3. The Dirichlet algebra B is stable under C1-functional calculus: for any
self-adjoint element a in B and f a C1 function on a compact interval ICR containing
the spectrum of a; with f ð0Þ ¼ 0; we have that f ðaÞ belongs to B; with
Eð f ðaÞ; f ðaÞÞpjjf 0jj2CðIÞEða; aÞ:
The relation holds true, by regularity, for all elements in the form domain DðEÞ:
Proof. By identity (6.11) there exists a partial isometry V from L2ðA; tÞ into H :¼
H1"HK"HK such that V VD
1
2 ¼ D12 and
VD
1
2a ¼ @1ðaÞ" 1ﬃﬃﬃ
2
p pKð1A ÞLKðaÞ" 1ﬃﬃﬃ
2
p LKðaÞ
for all a inB: Let a; f and I be as in the statement of the theorem. Choose a sequence
f fn : nANg of polynomials vanishing at 0 and such that the sequence of their
derivatives f f 0n : nANg converges uniformly on I to f 0: Since B is an algebra, fnðaÞ
belongs to B for all nAN: By bound (7.3) in Lemma 7.2 we have
jj@1ð fnðaÞÞ  @1ð fmðaÞÞjjHKpjjf 0n  f 0mjjCðIÞ  jj@1ðaÞjjHK
for all n; mAN; which implies @1ð fnðaÞÞ to be a Cauchy sequence in H1: To prove
that LKð fnðaÞÞ converges inHK we use Lemma 5.1. First express, for any nAN and
sAR; fnðsÞ ¼ sgnðsÞ for a unique polynomial gn; notice that, since fnð0Þ ¼ 0; we have
j fnðsÞjpjsjjj f 0njjCðIÞ so that jjgnjjCðIÞpjj f 0njjCðIÞ: Applying bound (5.2) we then have
jjLKð fnðaÞÞ  LKð fmðaÞÞjj2HKp jjLKðð fn  fmÞðaÞÞjj2HK
pKðjð fn  fmÞðaÞj2Þ
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¼Kðajðgn  gmÞðaÞj2aÞ
p jjðgn  gmÞ2ðaÞjj  Eða; aÞ
p jjgn  gmjj2CðIÞ  jjajj  Eða; aÞ
p jjf 0n  f 0mjj2CðIÞ  jjajj  Eða; aÞ
for all n; mAN; which implies that fLKð fnðaÞÞ : nANg is a Cauchy sequence inHK :
The same reasoning applied to the trace t in place of the weight K shows that
f fnðaÞ : nANg is a Cauchy sequence in L2ðA; tÞ: As a consequence, since V  is
continuous from H to L2ðA; tÞ and pKð1A Þ is bounded on HK ; we have that
fD12ð fnðaÞÞ : nANg is a Cauchy sequence in HK : Since D
1
2 is closed on L2ðA; tÞ; we
ﬁnally have that f ðaÞ belongs to DðD12Þ ¼ DðEÞ and, a fortiori, to B: &
Lemma 7.4. For a positive element a in B; one has in H1
lim
n-þN @1ða
1þ1
nÞ ¼ @1ðaÞ:
Proof. Consider the sequence f fn : nANg of C1 functions deﬁned by fnðsÞ ¼ s1þ
1
n
for sAR: By Theorem 7.3, we have fnðaÞAB for any nAN and any a as in the
statement. Notice that fnðaÞ converges to a in the weak-topology of A:
By re-scaling we may suppose jjajjp1 and choose I ¼ ½1; 1: Since jj f 0njjCðIÞp2;
we have by (7.3) that f@1ð fnðaÞÞ : nANg is a bounded set in H1: Since H1 is a
reﬂexive Banach space, @1 is closed from A
 to H1 when considering the weak-
topologies of these spaces; any weak cluster point of f@1ð fnðaÞÞ : nANg coincides
with @1ðaÞ and then the sequence itself converges weakly to that point. This, together
with (7.3), also implies jj@1ðaÞjjHplim infn jj@1ð fnðaÞÞjjHplim infn jj f 0njjCðIÞ 
jj@1ðaÞjjH ¼ jj@1ðaÞjjH which ensures that the sequence converges in the norm
topology. &
We can now prove that the representation associated to the potential weight is
nondegenerated.
Proposition 7.5. The representation ðpK ;HKÞ associated with the potential weight K
on A is nondegenerated.
Proof. Let a be a positive element in B and p its support in A: Let V be the partial
isometry deﬁned in the proof of Theorem 7.3. One has
VD
1
2a1þ
1
n ¼ @1ða1þ
1
nÞ" 1ﬃﬃﬃ
2
p pKða1=nÞLKðaÞ" 1ﬃﬃﬃ
2
p pKða1=nÞLKðaÞ
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which, by Lemma 7.4, tends to
@1ðaÞ" 1ﬃﬃﬃ
2
p pKðpÞLKðaÞ" 1ﬃﬃﬃ
2
p pKðpÞLKðaÞ:
By the closability of D
1
2 in L2ðA; tÞ; this limit equals
VD
1
2a ¼ @1ðaÞ" 1ﬃﬃﬃ
2
p pKð1A ÞLKðaÞ" 1ﬃﬃﬃ
2
p LKðaÞ:
By identiﬁcation, we get pKðpÞLKðaÞ ¼ LKðaÞ and the result. &
Remark 7.6. Notice that as follows from Theorem 7.3, the Dirichlet algebra B is
stable under holomorphic functional calculus. This means, in particular, that the
injection of B into the C-algebra A provides an isomorphism between their K-
theories: KðBÞ ¼ KðAÞ (see [C]).
8. The structure of C-Dirichlet forms
We are now in the position to describe the structure of general C-Dirichlet forms
on L2ðA; tÞ in terms of bimodule derivations and weights on A:
Theorem 8.1. Let ðE; DðEÞÞ be a C-Dirichlet form on L2ðA; tÞ and B the associated
Dirichlet algebra. Let @1 :B-H1 be the A–A-bimodule derivation with values in the
nondegenerated tangent A–A-bimodule H1 and K :A-½0;þN the killing weight
associated to ðE; DðEÞÞ: The following decomposition holds true:
Eða; aÞ ¼ jj@1ðaÞjj2H1 þ 12Kðaa þ aaÞ aAB: ð8:1Þ
Proof. By Proposition 7.5 pKð1A Þ is the identity operator on HK and the result
follows by Corollary 6.5. &
Theorem 8.2. Let ðE; DðEÞÞ be a C-Dirichlet form on L2ðA; tÞ and B the associated
Dirichlet algebra. There exist a Hilbert space H supporting a A–A-bimodule structure,
an isometric anti-linear involution J of H exchanging the right and left actions of A
ðJðaxbÞ ¼ bJðxÞa 8a; bAA; xAHÞ; and a densely defined derivation @ :B-H
which is a closable operator on L2ðA; tÞ; such that
Jð@ðxÞÞ ¼ @ðJxÞ and Eðx; xÞ ¼ jj@ðxÞjj2H xADðEÞ; ð8:2Þ
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where @ is the closure of @ in L2ðA; tÞ: The generator D on L2ðA; tÞ associated to
ðE; DðEÞÞ can then be described as follows:
D ¼ @@ ð8:3Þ
as a closed operator in L2ðA; tÞ: The nondegenerate part of H coincides with tangent
A–A-bimodule H1; while the degenerate part coincides with HK"HK :
Proof. Consider HK as a A–A-bimodule, where the left action of A is provided by
the representation pK and the right action is completely degenerated: Za ¼ 0 for all Z
in HK and a in A: The conjugate Hilbert space HK has a canonical structure
of A–A-bimodule, on which the left action is completely degenerated. Set
H :¼H1"HK"HK and, for a in B;
@ðaÞ ¼ @1ðaÞ" 1ﬃﬃﬃ
2
p LKðaÞ" 1ﬃﬃﬃ
2
p LKðaÞ
and
Jðx1"Z"%zÞ ¼ J1ðx1Þ"z"%Z x1AH1 Z; zAHK
(J1 deﬁned in proposition 6.4) to get the result. &
Notice that, with respect to the decomposition of H into its nondegenerated
and degenerated parts H1 and HK"HK ; respectively, the derivation @ on the
Dirichlet algebra B splits into the sum @ ¼ @1"@K of the H1-valued
derivation @1 and the HK"HK -valued derivation @KðaÞ :¼ 1ﬃﬃ2p LKðaÞ" 1ﬃﬃ2p LKðaÞ;
aAB:
Next result means that the just constructed symmetric bimodule is minimal
among all the symmetric bimodules which generate the same Dirichlet form,
and the corresponding derivations must match. It includes also the proof
that the divergence of a closable derivation always gives rises to a C-Dirichlet
form.
Theorem 8.3. Let H0 be a Hilbert space supporting a A–A-bimodule structure,
J0 an isometric, antilinear involution of H0 exchanging the right and the left
actions of A; B0 an involutive subalgebra of A-L2ðA; tÞ; dense in both spaces,
@0 an L2-closable derivation from B0 into H0; such that J0ð@0aÞ ¼ @0ðaÞ; aAB:
Let E be the closure of the associated quadratic form on L2ðA; tÞ : B0{a/jj@0ajj2H0 :
Then
(i) E is a C-Dirichlet form.
(ii) Let ðH;J; @Þ be the object associated with it by Theorem 8.2: there exists an
isometry W : H-H0 which is a bimodule map sending @ðaÞ onto @0ðaÞ for every
aAB:
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Proof. The result in (i) follows from Lemma 7.2, in particular from (7.3),
approximating the unit contraction R{s/03ðs41Þ uniformly by smooth functions
vanishing at the origin and having the modulus of the derivative bounded by 1. In
the framework of the Segal–Nelson realization of the standard Hilbert space L2ðA; tÞ
as a space of measurable operators afﬁliated to t; the result was proved in [S2].
(ii) For a1; b1; c1; a2; b2 and c2 in B; compute
ð@0ða2Þj@0ða1ÞÞH0 ¼ Eða2; a1Þ ¼ ð@ða2Þj@ða1ÞÞH
and
2ð@0ða2Þj@0ða1Þb1ÞH0 ¼ ð@0ða2Þj@0ða1Þb1Þ þ ð@0ða2Þja1@0ðb1ÞÞ
þ ð@0ða2Þb1j@0ða1ÞÞ þ ða2@0ðb1Þj@0ða1ÞÞ
 ðJ0ða1@0ðb1ÞÞjJ0@0ða2ÞÞ  ða2@0ðb1Þj@0ða1ÞÞ
¼ ð@0ða2Þj@0ða1Þb1Þ þ ð@0ða2Þja1@0ðb1ÞÞ
þ ð@0ða2Þb1j@0ða1ÞÞ þ ða2@0ðb1Þj@0ða1ÞÞ
 ð@0ðb1Þa1j@0ða2ÞÞ  ða2@0ðb1Þj@0ða1ÞÞ
¼ ð@0ða2Þj@0ða1b1ÞÞH0 þ ð@0ða2b1Þj@0ða1ÞÞH0  ð@0ðb1Þj@0ða2a1ÞÞH0
¼ ð@ða2Þj@ða1b1ÞÞH þ ð@ða2b1Þj@ða1ÞÞH  ð@ðb1Þj@ða2a1ÞÞH
¼ 2ð@ða2Þj@ða1Þb1ÞH ðby the same computationÞ
hence ð@0ða2Þb2j@0ða1Þb1ÞH0 ¼ ð@ða2Þb2j@ða1Þb1ÞH:
One checks that elements of the form @ðaÞ and @ðaÞb ða; bABÞ are total inH; so
that there exists an isometry W fromH intoH0 mapping @ðaÞ onto @0ðaÞ and @ðaÞb
onto @0ðaÞb: For c in B; it will map c@ðaÞ ¼ @ðcaÞ  @ðcÞa onto c@0ðaÞ and c@ðaÞb
onto c@0ðaÞb: W is obviously a morphism of bimodules. &
9. Energy weights and the ‘‘carre´ du champ’’
In this section we show an alternative representation of a C-Dirichlet forms in
terms certain ﬁnite weights on the C-algebra A which we shall call energy weights.
This is a generalization of the well-known Beurling–Deny–Le Jan representation of a
classical regular Dirichlet form. The connection between this representation and the
previous one, in terms of derivations, will make clear that the energy weights are, in a
suitable sense, the squares of the derivation or ﬁeld. This demonstrates that the
present approach through quadratic forms, completely overcame the well-known
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domain problems in deﬁning ‘‘le carre´ du champ’’ associated to a Markovian
semigroup, problems one has to face in case the starting point is the generator.
From now on, the predual Banach space M ¼ L1ðA; tÞ of the von Neumann
algebraM; will be considered as an isometrically imbedded, weakly dense subspace
of the dual A of the C-algebra A:
Notice that, for a and b in B; and e40; a D
IþeDðbÞ; DIþeDðaÞb and DIþeDðabÞ are three
elements of L1ðA; tÞ: A re-interpretation of the results of Sections 3 and 4 gives us the
following.
Lemma 9.1. (i) For a and b in the Dirichlet algebra B; the limit
G0ða; bÞ :¼ lim
ek0
1
2
a
D
I þ eDðbÞ þ
D
I þ eDðaÞ

b  D
I þ eDða
bÞ
 
ð9:1Þ
exists in A for the weak-topology;
(ii) for n in N and b1;y; bn in B; the matrix ½G0ðbi; bjÞni;j¼1 is positive in MnðA1Þ;
where considering the matricial order on the dual of the opposite algebra A1 instead of
A is made necessary by the transposition between b and d appearing in formula (9.2)
below;
(iii) formula (8.2) and complete positivity in (ii) provide a natural identification as
right A-modules between H0 and the Hilbert space deduced from B#A1 equipped with
the positive sesquilinear form
ðc#d j a#bÞ ¼ /G0ðc; aÞ; bdS: ð9:2Þ
Here /; S denotes the natural coupling between A and A.
Deﬁnition 9.2. The completely positive sesquilinear map G0 : BB-ðA1Þ will be
called the ‘‘carre´ du champ’’ associated to the C-Dirichlet form ðE; DðEÞÞ and, for
any aAB; G0ða; aÞ will be called the energy weight associated to a:
Here is our second representation of C-Dirichlet forms in terms of energy
weights.
Theorem 9.3. Let ðE; DðEÞÞ be a C-Dirichlet form such that its potential weight
vanishes identically. Then the following representation holds true:
Eða; aÞ ¼ /G0ða; aÞ; 1AS ¼ jjG0ða; aÞjjA aAB: ð9:3Þ
Moreover, for a and c in B; b and d in A, one has
ð@0ðcÞd j @0ðaÞbÞH0 ¼ /G0ðc; aÞ; bdS: ð9:4Þ
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Lemma 9.4. For a, b in B-DL2ðDÞ and e in A, the limit
ObaðeÞ ¼ lim
ek0
t
D
I þ eDðb
aÞe
 
ð9:5Þ
defines a continuous linear form on A which satisfies
ObaðeÞ ¼ tðbaDðeÞÞ ð9:6Þ
for any a, b in B-DL2ðDÞ and e in DAðDÞ:
Moreover one has *Obað1A˜Þ ¼ KðbaÞ; where *Oba is the canonical extension of Oba
to A˜:
Proof. Let us ﬁx a; b in B-DL2ðDÞ and e in A: By the very deﬁnitions of the scalar
product inH0 and the derivation @0; together with the representation in Lemma 4.6
and property (4.3), one has
ð@0ðbÞj@0ðaÞeÞH0 ¼ limek0
1
2
t
D
I þ eDðb
Þae þ b D
I þ eDðaÞe 
D
I þ eDðb
aÞe
 
:
As limek0 tð DIþeDðbÞaeÞ ¼ ðDbjJeJaÞL2 and limek0 tðb DIþeDðaÞeÞ ¼ ðbjJeJDaÞL2 ; we
get the existence of the limit in (5.4) and the identity
ObaðeÞ ¼ ðDbjJeJaÞL2 þ ðbjJeJDaÞL2  2ð@0ðbÞj@0ðaÞeÞH0
from which the norm continuity with respect to the argument eAA follows.
From this identity we get, taking the limit over e along an approximate unit,
Obað1A˜Þ ¼ 2Eðb; aÞ  2ð@0ðbÞj@0ðaÞÞH0
¼KðbaÞ
by Lemma 5.3.
For e in DMðDÞ; one has
ObaðeÞ ¼ lim
ek0
t
D
I þ eDðb
aÞe
 
¼ lim
ek0
t ba
D
I þ eDðeÞ
 
¼ tðbaDðeÞÞ: &
Remark 9.5. Notice that the property in (9.5) can be understood in the following
way: for a and b in B-DL2ðDÞ; the map B{e-Eðab; eÞ extends as a continuous
linear functional on A:
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More generally, one can show that
B-DA ðDÞ ¼ fbAB : (Cb : jEðb; eÞÞjpCbjjejj 8eABg
is an involutive algebra. It will be dense in A whenever A-DL2ðDÞ is dense
in A:
10. Applications and examples
10.1. C-Dirichlet forms on commutative C-algebras and the Beurling–Deny–Le Jan
decomposition
Let X be a locally compact, separable metric space and m a positive Radon
measure on X with full topological support. The Beurling–Deny–Le Jan decom-
position (see [FOT]) of a regular Dirichlet form ðE; DðEÞÞ on L2ðX ; mÞ represents E
as a sum E ¼ EðcÞ þ Eð jÞ þ EðkÞ of three Markovian forms EðcÞ;Eð jÞ;EðkÞ; on the
Dirichlet algebra B; called the diffusive, jumping and killing parts, respectively.
The killing part has the form
EðkÞða; aÞ ¼
Z
X
jaj2 dk
for a positive Radon measure k on X : It corresponds to the degenerate part of the
C0ðXÞ–C0ðXÞ-bimodule associated with E by our construction.
The jumping part has the form
Eð jÞða; aÞ ¼
Z
XXd
jaðxÞ  aðyÞj2 Jðdx; dyÞ
for some symmetric, positive Radon measure J supported off the diagonal d of
X  X : It obviously appears as the form a/jj@jðaÞjj2; where @j is the elemen-
tary derivation @jðaÞ ¼ a#1 1#a with values in the C0ðXÞ–C0ðX Þ-bimodule
L2ðX  X ; JÞ:
The diffusive part is characterized by its strong local property
EðcÞða; bÞ ¼ 0
whenever a; bAB and a is constant in a neighborhood of the support of b: By our
analysis this part has the form a/jj@cðaÞjj2Hc for a derivation @c with values in a
C0ðXÞ-monomodule Hc; the part of the C0ðXÞ–C0ðXÞ-bimodule associated with E
by our construction supported on the diagonal of X  X : This means that @c takes
values in a Hilbert integral
R"
X
HxmðdxÞ of Hilbert spaces fHx : xAXg; m being a
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Borel measure on X ; with the localized Leibnitz rule
@cðabÞðxÞ ¼ aðxÞ@cðbÞðxÞ þ bðxÞ@cðaÞðxÞ ma:s: xAX :
This illustrates how in the commutative situation our analysis not only gives back
the classical Beurling–Deny–Le Jan decomposition, but also provides an algebraic
interpretation of each one of the three parts plus a description of the diffusion piece
in terms of a local derivation.
Remark 10.1. Regular Dirichlet forms may be constructed, using for example the
theory of symmetric Hunt’s stochastic processes (see [FOT,Sil]), on topological
spaces which may not admit any differential structure in the classical sense. Notably,
many fractal sets fall into this category (see [Ki,Sem]).
The results of Section 8 may then be used to introduce a differential calculus on
geometric structures on such spaces. For example, any ﬁnite dimensional, locally
trivial vector bundle on a topological space endowed with a regular Dirichlet form
admits a Dirichlet structure, i.e. a compatible atlas whose transition functions have
entries in the Dirichlet algebra B: Consequently, any such a ﬁnite dimensional,
locally trivial vector bundle carries a canonical Banach module over B of Dirichlet
sections (see [Cip3]).
Finally, we would like to end this subsection quoting an application of the results
of Section 8 to those regular Dirichlet forms constructed on measured metric spaces
using the methods developed in [Ch,Stu]. Namely, the derivation we associate by
Theorems 8.2 and 8.3 to the Dirichlet forms constructed by Cheeger [Ch, Section 2],
using just the notion of upper gradient, is a version of his differential operator. The
latter is deﬁned assuming a doubling condition on the measure and a local Poincare´
inequality. These conditions also ensure that the corresponding cotangent bundle is
ﬁnite dimensional. In our algebraic framework this translates the ﬁnite multiplicity
of the our tangent bimodule.
10.2. Dirichlet forms on group C-algebras associated to functions of negative type
Let G be a locally compact, unimodular group, whose elements will be denoted
by s; s0;y; and denote by ds a Haar measure on it; let l and r be its left and right
regular representations on L2ðG; dsÞ; and A ¼ CredðGÞ be its reduced C-algebra in
LðL2ðGÞÞ (see [Dix]).
Consider now a continuous, positive, conditionally negative-type function d on G:
one can associate with it
* a semigroup fjt : tX0g of completely positive contractions of A; characterized by
jtðlð f ÞÞ ¼ lðetd f Þ
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for f in L1ðGÞ: It is obviously symmetric with respect to the canonical trace on A;
and the associated regular Dirichlet form is
Eða; aÞ ¼
Z
G
jaðsÞj2 dðsÞ ds
with domain the space of a in L2 for which the integral converges;
* a Hilbert space H; a unitary representation p of G into the unitary group of H;
and a continuous 1-cocycle G{s-xðsÞ from G into H which satisﬁes the three
properties (cf. [HV]): for any s and s0 in G
xðss0Þ ¼ xðsÞ þ pðsÞxðs0Þ;
jjxðsÞjj2H ¼ dðsÞ;
ðxðsÞ j xðs0ÞÞH ¼ 12ðdðs0Þ þ dðsÞ  dðs1s0ÞÞ:
The Hilbert space H#L2ðGÞ is equipped with the usual A–A-bimodule structure,
the right action being given by the representation id#r of G and the left action by
the representation p#l:
It is not difﬁcult to check that the semigroup is conservative so that the potential
K vanishes identically, and that the tangent bimodule H ¼H1 associated with the
Dirichlet form above appears as a sub A–A-bimodule of H#L2ðGÞ ¼ L2ðG; HÞ; the
derivation @ is simply given by the formula
@ðlð f ÞÞðsÞ ¼ f ðsÞxðsÞ sAG
for f belonging to the form core of continuous functions with compact support
on G:
The main applications is for those ﬁnitely generated discrete groups which have a
length function of conditionally negative type: what we have built is a canonical ﬁrst-
order differential calculus for the reduced C-algebra. Examples include the free
groups [Haa], the Coxeter groups [HV]. Notice ﬁnally that the class of these groups is
stable under free products by Bozejko [Boz].
10.3. The C-Dirichlet form generated by a single completely positive contraction
Here we deal with a situation where all the relevant structures are generated
by a single bounded map so that the emphasis relies, essentially, on the
algebraic aspects only. This provides the building blocks of procedures by which
C-Dirichlet forms can be approximated, as for example the one used throughout
this work.
Let ðA; tÞ be any pair as in Section 2 and denote by M the associated von
Neumann algebra. Consider a completely positive contraction C on A which is
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t-symmetric in the sense that
tðbCðaÞÞ ¼ tðCðbÞaÞ a; bAAþ:
Then D :¼ I C is the generator of a C-semigroup fetetC : tARþg; whose
associated C-Dirichlet form is given by
ECða; aÞ ¼ tðaaÞ  tðaCðaÞÞ
for all aADðEÞ ¼ L2ðA; tÞ: The form is bounded and the Dirichlet algebra B
coincides with A-L2ðA; tÞ: As usual let us retain the same symbol for the map C
and its normal extension to M: Let us denote by HC the bimodule provided by
the Stinespring construction [Sti] (notice that it is in a natural way not only an
A–A-bimodule but a M–M-bimodule too): as a Hilbert space it is generated by
elementary tensors a#Cx with a in M and x in L2ðA; tÞ; with the scalar product
given by
ðb#CZja#CxÞ ¼ ðZjCðbaÞxÞL2ðA;tÞ
for a; b in M and x; Z in L2ðA; tÞ: The bimodule structure is characterized by
a1ða#CxÞa2 ¼ ða1aÞ#Cðxa2Þ for a; a1; a2 inM and x in L2ðA; tÞ; where xa2 ¼ Ja2Jx
refers to the right action of M in L2ðA; tÞ (J denoting, as usual, the modular
conjugation).
The map WC : x-WCðxÞ :¼ 1M#Cx is a contraction from L2ðtÞ into HC such
that W CaWCx ¼ CðaÞx for all a inM and x in L2ðtÞ: It is not difﬁcult to check the
following facts:
* for a; b; c and d in B;
ð@1ðcÞdj@1ðaÞbÞH1 ¼ ðc#Cd  1M#Ccd j a#Cb  1M#CabÞHC ;
so that there is an isometry V from the tangent bimodule H1 into HC
characterized by
Vð@1ðaÞbÞ ¼ a#Cb  1M#Cab; a; b in B;
* V is a morphism of A–A-bimodule;
* if feag is an approximate unit for A in B; one has Vð@1ðaÞÞ ¼ lima Vð@1ðaÞeaÞ; so
that lima a#Cea exists inHC: this limit will be denoted a#C1M; which provides
Vð@1ðaÞÞ ¼ a#C1M  1M#Ca:
Finally, H1 can be considered as a sub A–A-bimodule of HC; with
@1ðaÞ ¼ a#C1M  1M#Ca; aAB;
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* a-jj@1ðaÞjj2H1 is a Dirichlet form which generates a conservative W-Markovian
semigroup on M: At the operator algebra level, the generator is a-1
2
ðaCð1MÞ þ
Cð1MÞaÞ CðaÞ; from which, by difference, the killing weight can easily been
identiﬁed as KðaÞ ¼ t½ð1M Cð1MÞÞa ¼ tða CðaÞÞ for all a in A:
10.4. C-Dirichlet forms generated by roots of the generator
Retaining the previous general setting, we start here with a C-semigroup with
generator D and associated Dirichlet form ðE; DðEÞÞ: For any ﬁxed b in (0,1) deﬁne
the corresponding root of D as follows:
Db ¼ sinðbpÞ
p
Z þN
0
tb
D
t  I þ D dt;
it can be understood either as a densely deﬁned, closed, positive operator in L2ðA; tÞ;
or as a densely deﬁned, closed operator on A (see [S4]). In any case, being a
superposition of (bounded) generators of C-Markovian semigroups, it itself
generates such a type of semigroup.
Denote by ðEðbÞ; DðEðbÞÞÞ the associated C-Dirichlet form and let us try to
compute the associated potential K ; the tangent bimoduleH1 and the derivation @1:
Notice ﬁrst that, by the Spectral Theorem, DðEðbÞÞ contains DðEÞ so that the
corresponding Dirichlet algebra BðbÞ is not smaller than the Dirichlet algebra B
which is itself a form core for ðEðbÞ; DðEðbÞÞÞ:
One can then deﬁne
Dbð1MÞ ¼ sinðbpÞp
Z þN
0
tb
D
t  I þ D ð1MÞ dt
as a positive, closed operator with dense domain (one checks easily
tðaaDbð1MÞÞoþN for a in B), so that K appears as the restriction to A of the
normal semiﬁnite weight onM with density Dbð1MÞ with respect to t; i.e. a densely
deﬁned, lower semicontinuous weight on A:
For each t in Rþ; one can write
D
tIþD ¼ I Ct where Ct ¼ tItIþD is a completely
positive t-symmetric contraction of A; so that the work done in previous subsection
provides the Stinespring bimodule Ht :¼HCt and the closable derivation @ðtÞ1 ðaÞ ¼
a#Ct1M  1M#Ct a; aAB:
What is left is then it is just to build the A–A-bimodule H1 simply a direct
integral
H ¼
Z "
Rþ
Ht dt
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of A–A-bimodules, deﬁne the closable derivation @1 as follows:
@1ðaÞ :¼
Z "
Rþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðbpÞ
p
tb
r
@
ðtÞ
1 ðaÞ dt
(with domain the space of a in A-L2ðtÞ for which t-
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinðbpÞ
p t
b
q
@
ðtÞ
1 ðaÞ is square
integrable) and identify the tangent bimoduleH1 associated with E
ðbÞ with the sub-
bimodule of H generated by the range of @1:
10.5. The Clifford Dirichlet form of free Fermion systems
Let h be an inﬁnite dimensional, separable, real Hilbert space and A ¼ ClðhÞ the
complexiﬁcation of the Clifford algebra over h: It is well known that it is a simple C-
algebra with a unique trace state t: The associated von Neumann algebra being the
hyperﬁnite type II1 factor.
By the Chevalley–Segal isomorphism, here denoted by D; L2ðA; tÞ can be
canonically identiﬁed with (the complexiﬁcation of) the antisymmetric Fock space
GðhÞ over h: Gross [G1,G2] showed that the second quantization GðIhÞ of the identity
operator Ih on h is isomorphic to an operator N ¼ D1GðIhÞD; the so-called number
operator, which generates a conservative C-semigroup over A: The structure of N is
simply described. Let fei : iANg be an orthonormal base of h and let fAi : iANg be
the corresponding set of annihilator operators on GðhÞ: For each iAN the operator
Di :¼ D1AiD; deﬁned on the domain of
ﬃﬃﬃﬃ
N
p
; is a densely deﬁned, closed operator
with values in L2ðA; tÞ: Moreover, ﬃﬃﬃﬃNp is a sub-algebra of ClðhÞ and on it the
following graded Leibnitz rules hold true: DiðabÞ ¼ ðDiðaÞÞb þ gðaÞðDiðbÞÞ: Here g is
the extension to L2ðA; tÞ of the canonical involution of ClðhÞ which is the unique
extension of the map v/ v on h: This show that, by considering on L2ðA; tÞ the
standard G right action of ClðhÞ and the new left action given by g; we obtain a
sequence of closed derivations on ClðhÞ with values in L2ðA; tÞ: The C-Dirichlet
form then appears as E½a ¼ jjN1=2ðaÞjj2H ¼
P
iAN jjDiðaÞjj2L2ðA;tÞ; where the tangent
bimodule is now"iAN L2ðA; tÞ and the derivation is"iAN Di:
10.6. Noncommutative heat semigroups
Let Ay be the noncommutative 2-torus, i.e. the universal C
-algebra generated by
two unitaries U and V satisfying the commutation relation VU ¼ e2ipyUV ; and
let t be the usual tracial state on Ay: tðUnV mÞ ¼ dn;0dm;0; n; mAZ:
The heat semigroup fftg on A is characterized by
ftðUnV mÞ ¼ etðn
2þm2ÞUnV m n; mAZ:
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It is t-symmetric, and the associated Dirichlet form is the closure of the form deﬁned
on sums with ﬁnite support by
E
X
n;mAZ
an;mUnV m
" #
¼
X
n;mAZ
ðn2 þ m2Þjan;mj2:
On Ay exist two canonical derivations @1 and @2:
@1ðUnV mÞ ¼ inUnVm; @1ðUnV mÞ ¼ imUnV m n; mAZ
and one checks easily that the bimodule associated with E is H ¼
L2ðA; tÞ"L2ðA; tÞ; the direct sum of two standard bimodules, that the
Dirichlet algebra B is the space of elements a in A-L2ðA; tÞ such that @1ðaÞ and
@2ðaÞ belong to L2; and the derivation is @ :
@ðaÞ ¼ @1ðaÞ"@2ðaÞ:
Another example is the transverse heat semigroup on the C-algebra of a
Riemannian foliation: the bimodule and the derivation are explicitly computed
in [S3].
10.7. The Bochner Laplacian
Let ðM; gÞ be a compact Riemannian manifold endowed with the Riemannian
measure dm: The Levi–Civita connection on M gives rise to an associated
connection, whose covariant derivative we denote by r; on the Clifford C-algebra
bundle A ¼ ClðTMÞ over the tangent bundle TM: A faithful, densely deﬁned, l.s.c.
trace t on A is deﬁned by integrating on M; with respect to the Riemannian measure
dm; the canonical normalized traces tm over the Clifford algebras ClðTmMÞ: tðaÞ :
¼ R
M
tmðaðmÞÞ dm:
The Bochner Laplacian B on L2ðA; tÞ is by deﬁnition the closure of the operator
rr deﬁned on CNðClðTMÞÞ: The associate quadratic form is
EBða; aÞ ¼ jjrðaÞjj2 ¼
Z
M
jjrðaÞðmÞjj2m dm;
where jj  jjm denote, for any mAM the norm of L2ðClðTmMÞ; tmÞ: Since r is a closed
derivation of A (see [LM]), deﬁned on the corresponding Sobolev space (i.e. the
maximal domain of deﬁnition of EB), we have, by Theorem 8.3(i), that EB is C
-
Dirichlet form and that fetB : tX0g is a C-semigroup. Moreover, since M is
compact, the constant Section 1 (i.e. the identity of the Clifford bundle) is
annihilated byr; so that the semigroup is conservative. We remark that this example
has been already worked out in [DR] using a complementary but different approach.
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10.8. Concluding remark
Extending Theorem 7.3, we conclude this work with a ﬁnal result concerning the
stability, under Lipschitz functional calculus, of the form domain DðEÞ: In the
commutative case and for local Dirichlet forms it is part of [BH, Theorem 5.2.3].
Note that, considering a self-adjoint element aADðEÞ; the abelian C-algebra B
generated by a and the restriction of E to the Hulbert space L2ðB; tÞ; Theorem 10.2
below can be reduced to the case of classical Dirichlet forms.
We will denote by Lip0ðRÞ the Banach space of all real Lipschitz functions f on the
real line vanishing at the origin, normed by the inﬁmum jj f jjLip0ðRÞ of all numbers
l such that j f ðsÞ  f ðtÞjpljs  tj; s; tAR:
Theorem 10.2. Let ðE; DðEÞÞ be a C-Dirichlet form on L2ðA; tÞ: Then the form
domain DðEÞ is stable under Lipschitz functional calculus in the following sense: any
fALip0ðRÞ induces a map, denoted by the same symbol, f : DhðEÞ-DhðEÞ on the
J-real part DhðEÞ ¼: fxADðEÞ : Jx ¼ xg of the form domain DðEÞ; which extends
the usual functional calculus given by f on A and is such that
E½f ðxÞpjj f jj2Lip0ðRÞ  E½x xADhðEÞ: ð10:1Þ
Proof. Consider ﬁrst the case when the derivation @ is inner, i.e. there is a x in H
such that @a ¼ ax xa; aAA: Let m be the spectral measure on spðaÞ  spðaÞ such
that ðx; f ðaÞxgðaÞÞ ¼ R
spðaÞspðaÞ f ðsÞgðtÞdmðs; tÞ for all pair of continuous functions
f ; g on spðaÞ: Then one has
jj@ð f ðaÞÞjj2H ¼ jj f ðaÞx xf ðaÞjj2 ¼
Z
j f ðsÞ  f ðtÞj2 dmðs; tÞ
p jj f jj2Lip0ðRÞ
Z
js  tj2 dmðs; tÞ ¼ jj f jj2Lip0ðRÞjjax xajj2H
¼ jj f jj2Lip0ðRÞjj@ajj2H:
Consider then Example 10.3: D ¼ I C whereC is a completely positive contraction
on M: then one has @1ð f ðaÞ ¼ f ðaÞ#C1M  1M#Cf ðaÞ ¼ limi f ðaÞxi  xif ðaÞ;
with xi ¼ 1M#Cei and ei an approximate unit in A-L2: the ﬁrst example provides
jj@1ð f ðaÞÞjj2pjj f jj2Lip0ðRÞjj@1ðaÞjj2 aAA-L2:
For the killing part, there is no problem since, for a self-adjoint a in A; one has
f ðaÞ2pjj f jj2Lip0ðRÞa2; which implies Kð f ðaÞ2Þpjj f jj2Lip0ðRÞKða2Þ:
Consider now the general case, and write Eða; aÞ as the increasing limit, as e
decreases to 0, of the net tða D
IþeD ðaÞÞ: a self-adjoint in A-L2 belongs toB if and only
if this limit is ﬁnite. But one has D
IþeD ¼ 1e ðI CeÞ with ce ¼ IIþeD a completely
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positive contraction, so that the previous example provides the result in the general
case: in fact
E½f ðaÞ ¼ lim
ek0
t f ðaÞ D
I þ eD f ðaÞ
 
p jj f jj2Lip0ðRÞ limek0 t a
D
I þ eD a
 
¼ jj f jj2Lip0ðRÞEða; aÞoþN;
for all aAB; from which the Lipschitz stability of B follows. &
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